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terms of the studied kiln operating and geometric param-
eters within acceptable error.

List of symbols
Aa,i	� Air entrance area (m2)
C2, C1ε	� Turbulence model constants
D	� Diameter of kiln (m)
da,i	� Air entrance diameter (m)
do	� Fuel nozzle diameter (m)
dp	� Primary air nozzle diameter (m)
f	� Mixture fraction, f = φ/(φ + L)
fa	� Axial mean mixture fraction
Fi	� External body force (N)
fo	� Fuel mean mixture fraction
fst	� Stoichiometric mean mixture fraction, 

fst = 1/(1 + L)
G	� Incident radiation (W/m2)
gi	� Gravitational acceleration (m/s2)
I	� Turbulence intensity
k	� Turbulent kinetic energy (m2/s2)
L	� Stoichiometric air to fuel mass ratio  

(kgair/kgfuel)
Lf	� Overall confined jet flame length (m)
p	� Pressure (Pa)
qr	� Radiation heat flux (w/m2)
R	� Radius of kiln (m)
ra,i	� Radius of air entrance (m)
ReDH	� Reynolds number based on hydraulic diameter
T	� Local temperature (K)
Ta	� Axial temperature (K)
Tair	� Air temperature (K)
To	� Fuel temperature (K)
u	� Mean axial velocity (m/s)
ua	� Axial velocity of the mixture/flame (m/s)
ui, uj	� Velocity components in x and y directions 

Abstract  Numerical simulations using computational 
fluid dynamics (CFD) are performed to investigate the 
flame length characteristics in rotary kilns using probabil-
ity density function (PDF) approach. A commercial CFD 
package (ANSYS-Fluent) is employed for this objective. A 
2-D axisymmetric model is applied to study the effect of 
both operating and geometric parameters of rotary kiln on 
the characteristics of the flame length. Three types of gase-
ous fuel are used in the present work; methane (CH4), car-
bon monoxide (CO) and biogas (50 % CH4 + 50 % CO2). 
Preliminary comparison study of 2-D modeling outputs of 
free jet flames with available experimental data is carried 
out to choose and validate the proper turbulence model for 
the present numerical simulations. The results showed that 
the excess air number, diameter of kiln air entrance, radia-
tion modeling consideration and fuel type have remarkable 
effects on the flame length characteristics. Numerical cor-
relations for the rotary kiln flame length are presented in 
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(m/s)
uo	� Fuel velocity at the nozzle (m/s)
up	� Primary air velocity at the nozzle (m/s)
v	� Mean radial velocity (m/s)
w	� Mean tangential velocity (m/s)
x	� Axial distance from burner (m)
Zi	� Mass fraction of species i
ε	� Turbulent dissipation rate (m2/s3)
κ	� Absorption coefficient (1/m)
λ	� Excess air number
μ	� Dynamic viscosity (Pa.s)
μt	� Turbulent viscosity (kg/m.s)
ν	� Kinematic viscosity (m2/s)
ρ	� Density (kg/m3)
ρo	� Density of fuel (kg/m3)
ρst	� Stoichiometric density (density of combustion 

gas at stoichiometric mixture fraction) (kg/m3)
σ	� Stefan-Boltzmann constant (5.669 ×  10−8 W/

m2K4)
σε	� Turbulent Prandtl number for the turbulence 

kinetic energy dissipation rate
σk	� Turbulent Prandtl number for the turbulence 

kinetic energy
σt	� Turbulent Prandtl number, σt = μtcp/kt = 0.85
τi.j	� Stress tensor (Pa)
φ	� Equivalence ratio, φ = (air/fuel)stoichiometric/(air/

fuel)actual

2-D	� Two dimensional
3-D	� Three dimensional
CFD	� Computational fluid dynamics
CPU	� Central processing unit
DLR	� Deutschland fur Lüft und Raumfahrt (German 

Aerospace Center)
PDF	� Probability density function
RANS	� Reynolds averaged Navier–Stokes
RSM	� Reynolds stress model
SWF	� Standard wall functions
WSGGM	� Weighted sum of gray gases model

1  Introduction

The devices that performs calcination processes which are 
also known as pyroprocessing devices have a key func-
tion of elevating the materials to a high temperature (cal-
cination) in a continuous process are also known as rotary 
kilns [1]. Many industrial applications including cement 
industries, metallurgy and burning of waste things are per-
formed by rotary kilns [2]. Rotary kilns can work under 
high heating temperature; burning the lime to 1200 °C [3], 
firing the cement clinker to 2000 °C, calcinations of petro-
leum coke (1100  °C) [4] and processing calcinations for 
aluminum oxide, reaching a high temperature of 1300 °C. 

All are designed to process under high temperature [5, 6]. 
The main industrial applications of rotary kilns are cement 
industries [7]. Moreover, rotary kilns are used in the incin-
eration of waste materials due to having the features of 
handling various supply materials with different heating 
value and have the abilities to burn the solid wastes at the 
exit site effectively [8]. Enhancing the heterogeneous com-
bustion can be done by hazardous waste incinerators that 
work mostly at deep beds and possess a second combus-
tion chamber rotary kiln [9]. In addition, the gasification 
process of waste tires that produces an activated carbon 
material [10, 11] and the clearing up of the contaminated 
soil are also common applications of the rotary kilns in the 
industrial field [12, 13]. The three main purposes of rotary 
kilns are used: reacting, helping in dryness of solid mate-
rial, and heating material. In many cases, rotary kilns are 
used to accomplish all of these processes.

Analyzing and solving problems related to the rotary 
kilns design and their operating parameters in the last few 
decades has been performed using CFD approach that 
has been demonstrated to be a powerful and versatile tool 
for these tasks. In the design process, heat removal from 
flame, solids flow along the kiln, solid–gas reaction and 
mass transfer are crucial aspects in designing a new rotary 
kiln [14]. The performance of rotary kiln is affected by 
the rate of heat transfer from flame to solids. The rate of 
heat transfer, product quality, refractory life and emissions 
are strongly influenced by the flame behavior (i.e. length, 
shape and intensity). For instance, flame pattern has con-
siderably influence on the mid kiln rings formation that 
have disagreeing impact on the kiln performance and might 
cause more maintenance work and repairs. A large varia-
tion in gas temperatures can be a result of unstable flame. 
In addition, the refractory lining can be damaged by short 
bushy flame, weak flame may not deliver enough heat for 
reaction process. Moreover, the flame properties such as 
shape and length can be influenced by operating parameters 
such as the kind of fuel used and fuel flow rate [15]. The 
investigation of flame length is a challenging mission due 
to the rotary kiln operating parameters fluctuations [16].

By reviewing the previous works, it turned out that 
there is somehow lack in studying the flame length char-
acteristics as a kiln heat source and the flow pattern inside 
the rotary kilns. Moreover, there are still many operating 
parameters and designing aspects of rotary kilns that are 
under investigations such as the effects of excess air num-
ber, the air entrance diameter, the fuel type and the radia-
tion modeling on the length of flame. This study tries to 
find a new effective parameters on rotary kiln flame length. 
The analysis of a rotary kiln jet flame that functions under 
three different types of gaseous fuels is performed by a 2-D 
computational simulation using PDF approach. The objec-
tives of this study are to simulate the rotary kiln and to 
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examine the influence of kiln geometry with different oper-
ating parameters on flame length.

The simulation results are presented in the form of axial 
centerline mean mixture fraction profiles. In addition, the 
velocity vectors and temperature contours are presented to 
display the flame pattern in the kiln. These parameters are 
investigated carefully to control the flame length, which 
has essential effect on thermal processes and product qual-
ity inside the kiln. Finally, valuable design guidelines and 
numerical flame length correlations are presented and 
discussed.

2 � Physical model, boundary conditions and mesh 
generation

For investigating the effect of different kiln geometric and 
its operating parameters on the flame length, Fig. 1 shows a 
schematic graph of confined non-premixed flame configura-
tion that was presented by Elattar et al. [17]. A simple burner 

with changeable air entrance area (Aa,i) can be adjusted by 
adjusting air entrance diameter (da,i) as presented in Fig. 1. 
The burner has a thermal power that varies from 0.69 to 
1.97 MW based on fuel kind and it is 50 mm in diameter. The 
fuel enters the kiln with a uniform axial velocity of 30 m/s 
and with a temperature of 20 °C. The excess air number (λ) 
changes from 1 to 2.5 (e.g. λ = 1.1 implies that 10 % more 
than the needed stoichiometric air is being utilized). Three 
kinds of gaseous fuels were used in this study; CH4, CO and 
biogas which have broad range of stoichiometric air demand 
(mass basis). A preliminary comparison study between 2-D 
and 3-D simulations was performed and the results reviled 
that the maximum error obtained for axial velocity (ua), axial 
temperature and axial mean mixture fraction (fa) were 5, 2, 
and 6 %, respectively. Therefore, 2-D axisymmetric simula-
tion is sufficient to carry out the present study within accept-
able error for time and cost savings.

A two dimensional (2-D) computational domain is avail-
able in Fig. 2a and computational mesh of the rotary kiln is 
available in Fig. 2b as presented by Elattar et al. [17]. The 

Fig. 1   Physical model sche-
matic of rotary kiln [17]

Fig. 2   2D rotary kiln model 
[17]: a computational domain, b 
mesh with boundary types
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boundary conditions of the studied domain are: velocity 
inlet for the oxidizer (air) and fuel and pressure outlet for 
combustion gases at the kiln exit. Adiabatic walls for the 
kiln surfaces. The velocity and temperature are identified 
uniform at the inlet boundaries. To investigate the influence 
of confinements on the flame length, the following consid-
eration is taken into account; the physical model is built 
to have a shape of axisymmetric kiln with 20 m in length 
and 2.6 m in diameter. In order to reduce the computational 
cost, only hemi-kiln is considered for the current study as 
illustrated in Fig.  2a. The preprocessing tool in ANSYS 
package with 30 ×  103 structured and quadrilateral cells 
are used to generate the mesh. At the flame region, a fine 
grid near the burner is made by the conventional wall-func-
tion. The computational mesh with boundary conditions of 
the 2-D domain of rotary kiln model is shown in Fig. 2b.

In order to ensure that the obtained result is independent 
of the mesh resolution, a grid independence study is per-
formed. Therefore, numbers of 2-D grids with different reso-
lutions are generated to this purpose. Different numbers of 
cells varying from 3 × 103 to 100 × 103 cells that are exam-
ined on flame length convergence are tabulated in Table 1. 
The output of the grid independence study shows that the 
grid with cells >30 × 103 cells have a slight variation (less 
than 0.2 % of flame length). Therefore, computational grid 
with 30 × 103 cells is selected to perform this study.

3 � Methodology

3.1 � Turbulence model selection and validation

In order to choose the proper turbulent model in the cur-
rent study, different numerical simulations were applied 
using different turbulent models and then these results 

were compared to available experimental data as presented 
by Elattar et al. [18]. The axial centerline mixture fraction 
and temperature results comparison between present simu-
lation and available published experimental data [19] are 
presented in Fig. 3a, b, respectively. As shown in the fig-
ures, the realizable k-ε turbulent model provides the closest 
model to the published experimental data in comparison to 
other turbulent models applied. Moreover, the realizable k-ε 
model turbulent model is considered very similar in behav-
ior to the Reynolds-Stress-Model (RSM) which requires 
more computational time to apply [20] if it compared to 
other turbulent models as seen in Table  2. In conclusion, 
the realizable k-ε turbulence model provides adequate 

Table 1   Dimensionless flame length for different number of cells

No. of cells Dimensionless flame length (Lf/do)

3 × 103 196.5

5 × 103 194.2

7.2 × 103 192.9

11 × 103 192.9

15 × 103 190.9

20 × 103 190.0

25 × 103 189.9

30 × 103 186.2

35 × 103 186.0

39.9 × 103 185.9

59.5 × 103 186.0

79.8 × 103 186.6

100 × 103 186.1
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Fig. 3   Comparisons of different turbulence models with experimen-
tal results [18]: a axial mixture fraction, b axial temperature
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agreement with the compared experimental results, hence it 
is recommended to implement the present simulation. 

3.2 � Mathematical formulas approach and assumptions

In order to resolve the energy equation and radiation 
model, Reynolds averaged Navier–Stokes (RANS) equa-
tions and species transport, a need for CFD flow formula 
that depends on finite volume method (ANSYS-Fluent) is 
deemed essential for this study to be applied. The follow-
ing assumptions are taken into consideration; axisymmetric 
model is applied and the flow is considered as steady and 
incompressible. There was not any considerable influence 
on the flame performance and its aerodynamics made by 
percentage of bed fill, rotation speed, and buoyancy [21]. 
The adiabatic walls are assumed and the wall construction 
is not considered in this study (i.e. wall heat transfer = 0, 
wall inner side emissivity = 1 and thickness of wall = 0). 
Therefore, these assumptions proceed to relatively approxi-
mated and acceptable results.

Equation  (1) is the continuity equation of steady gas 
phase flow, where the source term, Sm is a product from 
fuel injection. The momentum equation that is given in 
Eq. (2) is composed of velocity in a 3-D coordinate system. 
The pressure, turbulent shear stresses, gravitational force 
(buoyancy effects), and the source terms are presented in 
Eq. (2).

The current research study applies various turbulence 
models in order to achieve the appropriate model that 
generates accurate results with agreement to the existing 
experimental results. As illustrated in Fig. 3, the realizable 
k-ɛ turbulence model is found to be in accordance with the 
published experimental results from previous studies. The 
instantaneous Navier–Stokes formula is the generator of 
the realizable k-ɛ turbulence model, where the word “real-
izable” implies that the model is based on particular math-
ematical restrains on the Reynolds stresses and compatible 
with the physics of turbulent flows [22].

(1)
∂

∂xi
(ρui) = Sm

(2)
∂

∂xj

(

ρuiuj
)

= − ∂p

∂xi
+ ∂τij

∂cj
+ ρgi + Fi + Sm.

The analytical deduction of the realizable k-ɛ turbulence 
model is different from the standard k-ɛ and the RNG k-ɛ 
models in terms of its constants, terms and functions in the 
transport formulas for k and ɛ. The transport formulas for 
the realizable k-ɛ model are provided in Eqs. (3) and (4).

where, Gk symbolizes the generation of turbulence kinetic 
energy due to the mean velocity gradients and Gb due to 
the buoyancy as presented in Eqs. (3) and (4), σk and σɛ are 
the turbulent Prandtl numbers for k and ɛ, C2 and C1ɛ are 
constant values.The turbulent intensity (I) can be estimated 
based on the following equation [20]:

In the current simulation, the turbulent intensities are 
taken as 10 and 5  % for air and fuel inlets, respectively. 
These values are the average values according to the air 
and fuel Reynolds numbers that vary with air and fuel sides 
studied variables (i.e. λ(da,i/do) and fuel type).

The chemical reaction simulation is the basis for non-
premixed combustion and PDF models. The non-premixed 
combustion modeling technique proposes several advan-
tages over the finite rate formulation, where the model is 
able to predict radical species, dissociation effects, and 
accurate turbulence-chemistry coupling. This approach is 
considered computationally efficient since it requires fewer 
formulas to resolve. The non-premixed combustion mod-
eling can be applied only when the system of reacting flow 
has the following criteria: the flow is in turbulent state, the 
reaction includes fuel stream and an oxidant stream. More-
over, the chemical reaction kinetics state has to be quick so 
that the flow can achieve near chemical equilibrium state 
[20].

The PDF is a preferred approach when the combustion 
manner including turbulent flow due to the fluctuation of 
turbulent mixing properties. In this study, β-PDF model is 

(3)
∂

∂xj

(

ρkuj
)

= ∂

∂xj

[(

µ+ µt

σk

)

∂k

∂xj

]

+ Gk + Gb − ρε

(4)

∂

∂xj

(

ρεuj
)

= ∂

∂xj

[(

µ+ µt

σε

)

∂ε

∂xj

]

+ ρC1Sε − ρC2

ε2

k +√
νε

+ C1ε

ε

k
C3εGb

(5)I = 0.16(ReDH)
−0.125

.

Table 2   CPU computational time for different turbulence models

Turbulence model RNG k-ε Realizable k-ε k-ω RSM

CPU time 10–15 % > standard k-ε CPU 
time

Slightly > standard k-ε CPU 
time

≅ standard k-ε CPU time 50–60 % > standard k-ε CPU 
time and 15–20 % more 
memory
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applied for better outputs for turbulent non-premixed com-
bustion flow over other PDF models [23]. β-PDF model is 
specified by two parameters; mean scalar quantity and its 
variance. In order to avoid complexity in resolving the spe-
cies transport formula, the mixture fraction (f) in the pre-
sumed β-PDF depends on species i mass fraction (Zi) and 
calculated as follows:

The subscript “ox” represents the oxidizer inlet value 
and subscript “fuel” represents the fuel stream inlets. The f 
equals one for the fuel flow, and zero for the oxidizer flow 
and its value varies from zero to one (f = 0−1) throughout 
the flow field.

The transport formulas of mean mixture fraction, f̄  and 
its variance, f ′2  are presented in Eqs. (7) and (8).

where, f ′ = f − f̄ , the following default values for the con-
stants are: σt = 0.85, Cg = 2.86, and Cd = 2.0. The chemi-
cal reaction is summarized to one parameter, f as a power 
feature of the mixture fraction modeling approach. All ther-
mochemical scalars (species fractions, density, and tem-
perature) are exclusively related to the mixture fraction at 
chemical equilibrium state. The instant values of mass frac-
tions, density and temperature rely directly on the instant 
mixture fraction, f and given as:

In Eqs.  (9) and (10), φi symbolizes the instant species 
mass fraction, density, or temperature for adiabatic and 
non-adiabatic systems, respectively and H is the instantane-
ous enthalpy. The mean values of fluctuating scalars which 
are computed from Eqs. (7) and (8) can lead to the identi-
fication of the turbulent reacting flow model; these values 
depend on the turbulence-chemistry interaction model. PDF 
model is the best fit if the non-premixed combustion model 
is applied. It is written as p(f) and represented the portion 
of time that the fluid stays in the vicinity of the state f. The 
mean values of species concentration and temperature can 
be obtained by this approach. The average mass fraction of 
species and temperature, φ̄i can be obtained as follows:

(6)f = Zi − Zi,ox

Zi,fuel − Zi,ox
.

(7)
∂

∂t
(ρ f̄ )+ ∂

∂xj
(ρujf̄ ) =

∂

∂xj

(

µt

σt

∂ f̄

∂xj

)

(8)

∂

∂t
(ρf ′2 )+ ∂

∂xj
(ρujf

′2 ) = ∂

∂xj





µt

σt

∂f ′2

∂xj



+ Cgµt

�

∂ f̄

∂xj

�2

− Cdρ
ε

k
f ′2

(9)φi = φi(f )

(10)φi = φi(f ,H).

Equations  (11) and (12) denote the average mass frac-
tion of species and temperature for adiabatic and non-adi-
abatic systems.

Correspondingly, the mean time-averaged fluid density, 
ρ̄, can be calculated as

where, p(f ) = f α−1(1−f )β−1
∫

f α−1(1−f )β−1df
; α and β are 

α = f̄

[

f̄ (1−f̄ )

f ′2
− 1

]

, β = (1− f̄ )

[

f̄ (1−f̄ )

f ′2
− 1

]

.

In order to solve the transport equation of mean enthalpy, 
H̄ and to predict φ̄i for non-adiabatic system, Eq.  (14) is 
applied:

The species thermal properties are functions of tempera-
ture and standard atmospheric pressure (1.013 ×  105 Pa). 
In order to solve the enthalpy, energy Eq. (15) is applied.

The source term Sh in Eq. (15) comprises the heat trans-
fer rate for combustion and radiation.

For determining the radiation flux inside the rotary 
kiln, the P-1 radiation model is applied. This P-1 radia-
tion model is considered simple in comparison to the 
more general P-N radiation models [24, 25]. Moreover, 
P-1 model has a feature of requiring only a little computer 
processor working units of the Central Processing Unit 
(CPU) where it can be considered in various complicated 
geometries. The P-1 model should typically be used for 
optical thicknesses (κL) > 1 [20], where κ is the absorp-
tion coefficient and L is the domain length scale. In the 
current simulation for the gaseous fuels, the scattering 
coefficient sets to zero, and it is assumed to be isotropic 
and the mean absorption coefficient of computational 
domain for all gases and all ranges of studied variables are 
≅0.4 m−1 and hence κL is ≅1.04. Therefore, P-1 model 
is suitable to carry out the present work. The absorption 
coefficient value depends on the local concentrations of 

(11)φ̄i =
1

∫

0

p(f ) φi(f ) df

(12)φ̄i =
1

∫

0

p(f ) φi(f , H̄) df .

(13)
1

ρ̄
=

1
∫

0

p(f )

ρ(f )
df

(14)
∂

∂t
(ρH̄)+∇ · (ρ�vH̄) = ∇ ·

(

kt

cp
∇H̄

)

.

(15)
∂

∂xi
(ρνih) =

∂

∂xi

(

Γh

∂h

∂xi

)

+ Sh.
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H2O and CO2, path length and total pressure. To calcu-
late κ, a weighted-sum-of-gray-gases model (WSGGM) is 
used as shown in Eq. (16),

The term −∇qr can be directly used into the energy 
equation to determine the radiation heat sources.

In the present study the governing equations are discre-
tized using second order upwind interpolation scheme in 
CFD package and the PRESTO and SIMPLE algorithms 
for pressure interpolation and pressure–velocity are applied 
respectively. The solution is considered to be converged 
when the normalized residual of all variables including 
energy and radiation equations became the standard value 
of less than 10−5. The Realizable k-ε turbulence model with 
standard wall functions (SWF) is used in the present simu-
lation, where y+ > 5 in most of the kiln and with average 
value of 17.4. Therefore, it is concluded that the near-wall 
mesh resolution is acceptable in our problem to use SWF 
model.

4 � Results and discussion

4.1 � Shortcomings of PDF approach

In order to obtain the shortcomings of turbulence-chemistry 
interaction model (PDF approach), comparisons among the 
current numerical results and the published experimental 
results of Sandea and DLR presented by Meier et al. [19] 
for free jet flame are presented in Fig. 4a–h as was revealed 
by Elattar [18]. The figures present radial distribution for 
mixture fraction and temperature at x/do =  60, and axial 
mass fraction distribution for species including CH4, H2, 
O2, H2O, CO, and CO2 at Tair = To = 300 K, do = 8 mm, 
dp = 140 mm, uo = 42.2 m/s and up = 0.3 m/s. Figure 4a–h 
reveals that the values obtained in this simulation study 
have similar trends of the published experimental data, but 
with higher values. The discrepancies between the simula-
tion and experimental data are due to the assumptions made 
in the turbulence model, combustion model, and radia-
tion model. In addition to turbulence-chemistry interac-
tion model shortcomings and also due to the inaccuracy in 
experimental measurements.

In spite of satisfactory agreement obtained with experi-
mental results [19], the shortcomings of the PDF model are 
evident. Figure 3a shows how the model tends to be under 
prediction of axial mixture fraction (fa) along the flame as 
depicted in and over prediction for both the axial and radial 
temperature distributions (Ta and Tr) as shown in Figs. 3b 
and 4b, respectively. Low computed fa is due to shortcom-
ing of the PDF model, applying PDF method by under 

(16)−∇qr = κG− 4κσT4
.

predicting the mixing process along the flame, thus the 
model under predicts the flame length. Moreover, the PDF 
model under predicts CH4 and H2 mass fractions in axial 
direction along the flame as presented in Fig. 4c, d. Nev-
ertheless, Fig. 4g, h present how the PDF model over pre-
dicts the mass fractions of CO and CO2 in axial positions 
along the flame, respectively. Furthermore, the PDF model 
predicts fairly the mass fraction of O2 and H2O along the 
flame as illustrated in Fig.  4e, f, respectively. Under pre-
dicting and over predicting of axial species mass fractions 
may be attributed to the shortcoming of the PDF model to 
predict perfectly the mixing process of reacting gases along 
the flame.

Additional comparison study is presented in Fig.  5a, b 
which shows comparisons between the current simulation 
and the experimental results presented by Kim et  al. [26] 
for confined jet flame with and without radiation modelling 
which was presented by Elattar et  al. [17]. Figure 5a dis-
plays axial temperature against axial mean mixture fraction 
with and without radiation modeling at Tair = To = 300 K, 
do =  2.7  mm, and λ =  6.17. As seen in the figure, the 
simulation data gives good agreement with experimental 
results. The discrepancies are due to turbulence, radiation 
and combustion models assumptions and simplifications 
and due to the experimental uncertainty. Additional com-
parison was conducted on the flame length for various fuel 
velocities (20–30 m/s) at do = 2.7 mm and 4.4 mm as pre-
sented in Fig. 5b. As shown in the figure, in case of radia-
tion modeling consideration the simulated data gives per-
fect agreement with experimental data at small fuel nozzle 
diameter (do = 2.7 mm) and reveals satisfactory agreement 
for do =  4.4  mm. The discrepancies is due to the differ-
ence in definition the flame length between experimental 
and numerical determinations, all numerical assumptions 
and approximations and due experimental measurements 
uncertainty.

Despite of overall satisfactory agreement was obtained 
between the present simulation results with the experi-
mental data of Kim et  al. [26], the shortcomings of PDF 
approach are obvious. The model tends to under predict 
axial temperature and axial mean mixture fraction along 
the flame with radiation modeling and it reveals perfect 
fit without radiation modeling consideration. With radia-
tion modeling, the PDF model under predicts the tem-
perature and mean mixture fraction around the flame end 
(i.e. around fst), otherwise it gives perfect predictions (near 
the burner tip and downstream the flame end). The pos-
sible explanation is that the PDF approach under predicts 
the mixing process at the flame end (at peak flame tem-
perature) which leads to bad fuel and oxidizer mixing and 
hence lower temperature and mean mixture fraction can be 
obtained.
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Fig. 4   Realizable k-ε turbu-
lence model comparisons with 
experimental data [18]: a radial 
mean mixture fraction, b radial 
temperature, c axial centerline 
CH4 mass fraction, d axial cen-
terline H2 mass fraction, e axial 
centerline O2 mass fraction, f 
axial centerline H2O mass frac-
tion, g axial centerline CO mass 
fraction, h axial centerline CO2 
mass fraction
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4.2 � Influence of excess air number (λ)

In the present study, the flame length is defined as the dis-
tance from the burner tip to the center of the flame where 
the mean value of the mixture fraction is equivalent to the 
stoichiometric value, fst [27, 28]. Figure 6 shows the influ-
ence of excess air number (λ) that changes from 1 to 2.5 
on temperature contours of rotary kiln flame in comparison 
with free jet flame using CH4 fuel. As presented in Fig. 6, 
the high temperature zone area and the kiln flame volume 
decrease with increasing λ until the kiln flame becomes 
similar shape and length to free jet flame at λ = 2.5. This 

can be attributed to the small λ leads to slight amount of 
oxidizer (air) and thus the combustion could not be accom-
plished in short length and hence the flame must be dif-
fused to complete its reaction. Figure  7a–c illustrate the 
influence of λ on the inverted dimensionless axial center-
line mixture fraction profiles (fo/fa) for CH4, Biogas and 
CO, respectively. As seen in Fig. 7, the flame length short-
ens with increasing λ and it becomes similar to free jet 
flame length at λ = 2.5. The possible explanation is due to 
the increase of λ means large quantity of air, thus, the com-
bustion process can be fulfilled in small space and hence in 
short length. The same outcomes have been presented by 
Yang and Blasiak [29]. This means that the flame length 
attains to the shortest value in the case of highest λ, and 
this trend is similar for any tested fuels. For instance, the 
flame length of CH4 fuel shortens by ≅7 % with increasing 
λ from 1.3 to 2.5. 

4.3 � Influence of kiln air entrance diameter (da,i/D)

Figure  8 shows the velocity vectors which are colored 
by temperature to present the influence of air entrance 
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diameter (da,i/D) that ranges from 0.06 to 1 on the flame 
aerodynamics (outer recirculation zones) for CH4 flame 
at λ  =  1.3. As illustrated in the figure, the recircula-
tion zone length becomes less with increasing da,i/D, this 
is due to decreasing of axial air velocity (air momentum) 
with higher da,i/D for the same λ which reduces the outer 
recirculation length and its strength. Moreover, decreasing 
da,i/D increases the kiln entrance closed area that aids the 
recirculation eddies to occur and develop behind it. The 
influence of air entrance diameter on fo/fa profiles is shown 
in Fig. 9a–c to determine the flame lengths at λ = 1.3, 1.7, 
and 2.3, respectively. As displayed in the figure, the length 
of the flame shortens with decreasing da,i/D and vice versa 
due to the increase in axial air velocity and outer recircula-
tion eddies length due to the decrease in da,i/D that leads 
to improve the mixing process between the fuel and the 
oxidizer, and hence the flame length shortens. In addition, 
varying da,i/D (0.06–0.4) has a significant influence on the 
flame length, otherwise it has slightly effect. For instance, 
increasing da,i/D from 0.06 to 0.4 causes an increase in the 
flame length by ~180 and ~6 % with increasing da,i/D from 
0.4 to 1 at λ = 1.3.

4.4 � Influence of radiation modeling

Figure  10 shows the effect of radiation modeling on fo/fa 
profiles using CH4 fuel for da,i/D = 1 with different λ (1.3, 
1.7, and 2.3). As presented in the figure, the flame length is 
reduced by ~15, ~13, and ~12 % for λ = 1.3, 1.7, and 2.3, 
respectively under the radiation modeling condition. These 
reduction percentages in rotary kiln flame length are higher 
than that in free jet flame by ~4 % [30]. Figure 11 shows 
the reduction in flame length due to radiation modeling 
consideration presented by mean mixture fraction contours 
using CH4 fuel at λ = 1.3. Shortening the flame length in 
case of radiation modeling consideration is due to part of 
heat released by radiation is added to the total heat released 
from the flame, hence, the peak flame temperature drops 
and shifts towards the burner tip. Whereas, the flame end 
is located around the peak flame temperature as proven and 
presented by Elattar [30]. 

4.5 � Influence of fuel kinds

Figure  12 illustrates the effect of fuel kinds using CH4, 
Biogas and CO gases on the flame length in rotary kilns 
presented by temperature contours without radiation 
modeling at uo =  30 m/s, λ =  2.3, da,i/D =  1. As shown 
in the figure, CO fuel has the maximum peak flame tem-
perature (~1950  °C) and the shortest flame length (Lf/
do ≅ 41). On the other side, Biogas fuel has the minimum 
peak flame temperature (~1550 °C) and has an intermedi-
ate flame length (Lf/do ≅  73). Whereas, the CH4 fuel has 
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an intermediate peak flame temperature (~1800 °C) and has 
the longest flame length (Lf/do ≅ 174). The possible expla-
nation is that, the higher fuel stoichiometric air demand, 
the lower fuel stoichiometric mean mixture fraction can be 
obtained, hence, longer flame length can be revealed and 
vice versa. These outcomes are the same trends with the 
results of free jet flame simulation that presented by Elattar 
[30].

5 � Flame length correlations

Figure  13a, b show predicted dimensionless correlations 
of rotary kiln flame length in terms of kiln geometric and 
operating parameters  that was correlated by Elattar et  al. 
[17]. The numerical correlation of dimensionless kiln flame 
length as a function in excess air number, stoichiometric air 
demand (mass basis), kiln air entrance diameter and diam-
eter of the kiln is illustrated in Fig. 13a and has the follow-
ing form: 

Equation  (17) is in good standing with the following 
ranges:

(17)
Lf

do
= 19.7�

−0.23(1+ L)0.8
(

da,i

D

)0.06

.

1.3 ≤ λ ≤ 2.5, 2.46 ≤ L ≤ 17.3, and 0.4 ≤ da,i/D ≤ 1 at 
Tair = To = 20 °C. This correlation can calculate the major-
ity of the results (83 %) within error of ±11 %. Moreover, 
the correlation demonstrates that the flame length is direct 
proportional with stoichiometric air demand and kiln air 
entrance diameter and reverse proportional with excess air 
number. Additional correlation for flame length as a func-
tion in excess air number, kiln air entrance diameter, stoi-
chiometric mean mixture fraction, stoichiometric density 
and fuel density is correlated and illustrated in Fig.  13b. 
This correlation is developed in the same way as Eq. 17 and 
has the following form:

Equation  (18) is in good standing with the following 
ranges:

1.3 ≤ λ ≤ 0.4, 0.055 ≤ fst ≤ 0.289, and 0.4 ≤ da,i/D ≤ 1 
at Tair  =  To  =  20  °C. This correlation can expect vast 
majority (98  %) of the numerical results at acceptable 
percentage error of ±11  %. Furthermore, the correlation 
shows that the flame length is direct proportional with fuel 
density and kiln air entrance diameter and reverse propor-
tional with excess air number, stoichiometric density and 
stoichiometric mean mixture fraction.

(18)
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Fig. 8   Influence of dimen-
sionless air entrance diameter 
on outer recirculation zones 
presented by velocity vec-
tors colored by temperature 
using CH4 fuel at Tair = 20 °C, 
To = 20 °C, uo = 30 m/s and 
λ = 1.3
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6 � Conclusion

CFD modeling using PDF approach with realizable k-ε 
turbulence model is applied in the current study to present 
the effects of geometric and operating parameters of the 
rotary kiln on its flame lengths as sources of heat inside the 
kiln. Realizable k-ε turbulent model is chosen as the most 
effective turbulent model in comparison with the published 
experimental results. The findings show that the flame 
length is significantly influenced by excess air number, kiln 
air entrance diameter, radiation modeling consideration, 
and fuel type.

PDF approach reveals shortcomings despite of it gives 
overall satisfactory agreement with experimental data. It 
tends to under predict the mixture fraction, mass fractions 
of CH4 and H2 and over predict the temperature and the 
axial mass fractions of CO and CO2 along the flame. Addi-
tionally, the PDF model under predicts the flame length.

Two numerical correlations for calculating the flame 
length of rotary kiln in dimensionless form are presented 
in terms of geometric and operating parameters of rotary 
kilns. The correlations are used to calculate the simulation 
results within adequate level of errors and also show that 
the flame length is direct proportional to stoichiometric air 
demand, fuel density and kiln air entrance diameter and 
reverse proportional to the excess air number, stoichiomet-
ric density and stoichiometric mean mixture fraction. Fur-
thermore, the radiation modeling consideration has a signif-
icant influence on the shortening of the kiln flame length.
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